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INTRODUCTION

It has been shown [1–6] that, in many cases, mul�
tithreshold decoders (MTDs) and optimum decoding
(OD) have almost identical characteristics in Gauss�
ian channels with binary phase keying, exhibiting
nearly coincident values even at a high noise level.
However, in real systems, it is often convenient to
operate with data having a byte structure. For exam�
ple, byte data are used in storage systems with great
amounts of information (archives recorded on optical
disks or other carriers). In such systems, it is reason�
able to apply nonbinary noise�immune codes for data
protection against errors.

Until very recently, there were no efficient and rel�
atively simple encoders and decoders of nonbinary
(symbolic) data, except for methods based on Reed–
Solomon (RS) codes. However, short RS codes with
length n up to 255 symbols do not ensure the reliability
that are now required. Decoders of long RS codes are
extremely complicated, and their substantial simplifi�
cation is barely feasible. Over the last few years, many
researchers have actively developed decoders of non�
binary low�density codes [7–9]. These methods offer
high correcting abilities. However, the increased com�
plexity of implementation, especially when alphabet
size q is large, impedes their application in real sys�
tems.

In this paper, MTDs are generalized to nonbinary
symmetric channels [6, 10, 11]. At very high levels of
noise, a nonbinary MTD (below, designated as
qMTD) algorithm is demonstrated to be capable of
ensuring such error probabilities of decoding that can�
not be reached with arbitrarily long RS codes. In addi�
tion, it is found that the computational complexity of
this algorithm is rather low and increases linearly with
code length, i.e., will not exceed the theoretically
determined minimum value.

1. BASIC THEOREM FOR THE NONBINARY 
MULTITHRESHOLD DECODER

Let us pass to a formalized description of the mul�
tithreshold algorithm for decoding of nonbinary codes
[3, 4].

A q�ary (q > 2) symmetric channel (qSC) is assumed
to be specified with the error probability P0 > 0 such that
any initial transmitted symbol of a codeword is
changed randomly, independently, and equiprobably
into one of the q – 1 remaining symbols. When any
message is transmitted over the qSC, an optimum
decision is, presumably, the single codeword belonging
to qnR possible codewords (n is the code length and R is
the code rate, R < 1), which differs from the received
message in the minimum number of code symbols.

Let us consider the nonlinear nonbinary systematic
code whose (n − k) × n check matrix H is represented as

H = [C : –In–k], 

Here, k is the length of the information part of the
codeword; In–k is the (n – k) × (n – k) unit matrix; C
is the (n – k) × k matrix containing zeros and ones, the
ith row of which determines information symbols; and
operation [A : B] determines the matrix obtained via
the horizontal concatenation of matrices A and B. Let
matrix H correspond to the binary self�orthogonal
code whose matrix C is thoroughly described in [4].
Since check matrix H (and, consequently, the generat�
ing matrix G = [Ik : C

T]) contains only zeros, ones, and
negative ones, encoder and decoder operations
applied to construct checking code symbols and to
calculate (n – k)�long syndrome vector S of a received
message are only summation and subtraction opera�
tions. Thus, encoding and decoding processes do not
require the presence of a nonbinary field. It suffices to
create any variant of a group of integers. For example,
all the summation and subtraction operations can be
performed with integers from the certain group mod�
ulo q, thereby substantially simplifying all the encod�
ing procedures and the implementation of subsequent
decoding.
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Let the vector Q = A + E, where E is the error vec�
tor, comes to a decoder after n�long code vector A with
k information symbols is transmitted over the qSC. As
in the binary case, each column vector X of length n
can be represented by a pair of vectors XI and X

V
 with

lengths k and (n – k), respectively. Thus, X = [XI; XV
].

Here, operation [A; B] determines the matrix obtained
via the vertical concatenation of matrices A and B.

It is assumed that D is defined as the q�ary unit vec�
tor of length k:

D = AI – QI, 

where AI is the information part of the transmitted
codeword A = [AI; AV

] and QI is the information part
of the received message Q = [QI; QV

]. Then, the fol�
lowing lemma is valid.

Lemma.
[D; H × [QI + D; Q

V
]] = A – Q. (1)

Proof. The code linearity implies that the equalities
S = H × [QI + D; Q

V
] = H × [QI + D; Q

V
 + A

V
 – 

– A
V
] = H × A + H × [0I; QV

 – A
V
], 

where 0I is the zero vector of length k, are valid.
For a systematic code,

H × [0I; XV
] = –X

V
, 

From this condition, it can be inferred that S = A
V
 –

Q
V
. Since D = AI – QI, we obtain [D; S] = A – Q. The

lemma is proved.
By analogy with the binary case, this lemma pro�

vides a simple and useful relationship between an arbi�
trary codeword and the received message and, conse�
quently, states that, for codewords under consider�
ation, syndrome vector S is the check�symbol
difference between received message Q and code vec�
tor A with information part AI. Such an interpretation
of the syndrome vector was estimated from different
standpoints in [1, 4, 5].

The lemma proved above enables us to prove the
main property for the qMTD algorithm described
below.

Let a decoder receive the vector Q = A + E that
involves distortions of codeword A caused by its trans�
mission over the qSC. Similar to the binary case, q�ary
difference vector D is taken to be 0I at the beginning of
a decoding procedure. After calculating the syndrome
vector S = H × Q of a received message by means of
usual methods, the qMTD is assumed to perform pro�
cessing according to the following scheme.

(i) For arbitrary chosen q�ary decoded information
symbol ij, the decoder estimates the number of two
most frequently observed values of checks in the total
number J of checks associated with symbol ij and the
symbol dj of vector D corresponding to symbol ij. It is
assumed that the values of these two checks are h0 and
h1 (0 ≤ h0 and h1 ≤ q) and they are repeated, respectively,
m0 times and m1 times (m0 ≥ m1). This procedure is sim�
ilar to the calculation of the sum of checks in the
thresholder of a binary MTD.

(ii) If m0 – m1 ≤ T, where T = 0, 1, 2, … is a non�
negative integer, any new symbol im (m � j) is selected
and processed, starting with step (i). This procedure is
similar to comparison with the threshold in the binary
decoder.

(iii) If m0 – m1 > T, error estimate h0 is subtracted
from symbols ij and dj and from total number J of
checks corresponding to ij. Then, new symbol im, m �
jis selected and the transition to step (i) is performed.

At this final step of a decoding cycle, the symbol
decoded is changed and all the syndrome symbols—
the checks with respect to the symbol decoded—are
corrected through feedback. However, in contrast to a
binary MTD, the summation and subtraction of a
qMTD are nonidentity operations.

For each symbol of a received message, such
attempts of decoding can be repeated three, ten, and
more times.

As in the binary case, the qMTD algorithm can eas�
ily be implemented by successively estimating all the
information symbols. The decoding procedure is
stopped if the fixed number of error corrections is
attained or any attempt of correction does not lead to
a change in the value of the symbol decoded.

The qMTD algorithm discussed above satisfies the
following theorem.

Main theorem of multithreshold decoding
of nonbinary codes. 

Let the nonbinary self�orthogonal code described
above is processed by the decoder using the qMTD
algorithm. Then, each change of symbols decoded
leads to a more plausible decision when compared to
the preceding state of the decoder.

Preliminary discussion. From two code vectors of a
classical qSC, the code vector with the least number of
symbols differing from those of the received vector can
be regarded as more closely coincident with the
received message and, consequently, more plausible.
Hence, a growth in the plausibility of qMTD decisions
with each change of symbols decoded can be proved by
the fact that each new codeword has the increased
number of symbols coinciding with the symbols of the
received message. In other words, it is necessary to
demonstrate that the Hamming distance between the
codeword and the message decreases. For nonbinary
symbols, this distance immediately corresponds to the
number of noncoincident symbols in two vectors with
equal lengths.

Thus, with allowance for the properties of a syn�
drome vector and difference register and according to
the lemma for the qMTD, the Hamming distance
between the received vector and the current decision
of the qMTD is equal to the number of nonzero sym�
bols of the syndrome vector and difference register.
Hence, the deceased Hamming distance—the
enhanced plausibility of decisions of this decoder—
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can be attained by selecting another codeword that
ensures the increased total number of zero symbols of
syndrome S and difference vector D. It should be
recalled that, similar to the binary case, information
symbols of the codeword are assumed to reside in the
corresponding registers of the decoder.

Proof. Let the decoder processes the vectors A1I,
D1 = A1I – QI, and S1 = H × [QI + D1; QV

],
where A1 = [A1I; A1V] is an arbitrary codeword and Q is
the received message.

Let us demonstrate that the qMTD algorithm
changes any symbol ij in the current information deci�
sion vector A1I of the decoder, thereby generating new
decision vector A2I. In this case, the Hamming dis�
tance between codeword A2I and received vector Q is
less than the same distance corresponding to decision
vector A1; i.e., |A1 – Q| > |A2 – Q|.

Indeed, a change in some symbol ij indicates that
single check value h0 (h0 � ) is strictly more frequently
repeated (m0 times) than all other values (m1 times) in
the set of checks of ij (m0 > m1). In this case, after quan�
tity h0 is subtracted from ij, dj, and total number J of
checks in the syndrome register, number m0 of checks
(and, presumably, symbol dj) equal to h0 vanishes. In
the syndrome vector, the number of zero checks
(undoubtedly, with the value of symbol dj taken into
account), which were equal to zero before the change
of symbol ij, cannot exceed m1. This implies that, for
these positions, the weight of the syndrome vector can
increase by no more than m1 when the change of ij is
caused by these symbols. Then, a total change in
weight is m1 – m0 < 0; i.e., the total weight of vectors S
and D decreases after a change in symbol ij decoded.
Note that vector S2 differs from vector S1 only in the
symbols corresponding to checks of ij and difference
vectors D2 and D1, as well as the checks of symbol dj,
differ by quantity h0 only in position ij. However, this
indicates that the qMTD contains vectors S2 and D2
corresponding to the difference between the received
vector and the new solution of the decoder after the
change of ij; i.e., condition (1) is valid. Then, it is evi�
dent that, in the new state of the decoder, the condi�
tions of the lemma are satisfied, making it possible to
pass to the next attempt of correcting another symbol
ij (m � j). As a result of this attempt, the change of the
symbol decoded again guarantees the transition to the
more plausible decision, and so on. The theorem is
proved.

Note two most substantial aspects of the proposed
algorithm. The first aspect consists in that, similar to
the case of binary codes, each of the decoding itera�
tions will not obligatorily improve a decision until the
OD decision is attained. Indeed, some error configu�
rations of self�orthogonal codes can be corrected only
via OD, rather than by the qMTD. Hence, the basic
way to increase the qMTD efficiency is search for
codes in which such uncorrectable error configura�
tions are rarely observed even at a high noise level.

Another important aspect is that the presence of an
absolutely strict majority of checks is not required. In
comparison with a traditional approach to binary
majority schemes, the symbol decoded by qMTD can
be changed with the use of a relatively strict majority of
checks, as follows from the condition m0 – m1 > T. For
example, in the self�orthogonal codes with d = 9, the
error of a symbol decoded can be corrected even if its
nine checks (including symbol dj of the difference reg�
ister) contain only two true checks, while other seven
are erroneous. Such correction cannot be imple�
mented for binary codes, but is typical for the qMTD.
In this example, the sole condition is the different val�
ues of checks when symbol ij is decoded. At almost all
large value of alphabet q, this condition is satisfied.
This property of the qMTD substantially expands its
abilities at high noise levels, simultaneously ensuring
the fairly low complexity of majority procedures in q�
ary channels.

2. LOWER BOUNDS OF THE ERROR 
PROBABILITY OF DECODING

Let us calculate the lower bound of the probability
of optimum decoding when codes are specified in the
form described above. For this purpose, it is necessary
to reveal the most frequent events at which the Ham�
ming distance between an error vector and the nearest
nonzero codeword is less than its own weight. In the
presence of a linear code, this condition is sufficient to
make an erroneous decision even with the use of an
optimum decoder. When an error vector exhibits such
properties, it is necessary to analyze the code symbols
corresponding to the positions of checks associated
with current decoded symbol ik.

Let us describe the probabilities of certain most
simple events leading to OD errors [34, 6, 11]:

(i) If all the check symbols and decoded symbol ik
are erroneous,

P1(e) = (2)

where d = J + 1, d is the minimum code distance of the
self�orthogonal code).

(ii) If all the check symbols are erroneous, but two
of them are identical, and ik is correct,

P2(e) = (3)

(iii) If one check symbol is correct received, but
other symbols and ik are erroneous,

P3(e) = (4)

As a result, the lower bound of the error probability
for an optimum decoder is determined from the
expression

Popt = P1(e) + P2(e) + P3(e). (5)

P0
J 1+

,

J J 1–( ) 1 P0–( )P0
J

2 q 1–( )
������������������������������������� 1 i

q 1–
���������–⎝ ⎠

⎛ ⎞ ;

i 1=

J 2–

∏

J 1 P0–( )P0
J
.
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Different events leading to the errors of nonbinary
OD, estimation of the probability of their occurrence,
and the probabilities of the erroneous first symbol of a
nonbinary threshold decoder, which can be regarded
as the upper bounds of the error probability of the
qMTD, have been analyzed more comprehensively in
[3, 4, 6, 11].

In almost all the practical applications of codes, the
number of events mentioned above is sufficient to
obtain the fairly accurate probabilistic estimates of
their potential noise immunity. Since each iteration
step of the qMTD approximates to an OD decision, it
may be expected that the required optimum decision
will be attained at a certain very high level of noise.
The search for the optimum decision necessitates such
a number of examinations that increases exponentially
with code length n. In the case of the qMTD, the
decoder complexity remains the linear function of n,
i.e., reaches the theoretically minimum level.

3. qMTD AND qSC CHARACTERISTICS

The dependences between the symbol error proba�
bility of the qMTD (Ps) and the symbol error probabil�
ity in the q (P0), which were obtained via computer
simulation for codes with rate R = 1/2, are presented
in the figure. Here, curves 1 and 2 correspond to the
qMTD characteristics for codes whose lengths are
4000 and 32 000 one�byte symbols (q = 256) and code
distances are, respectively, d = 13 and 17. During the
error correction process, the number of decoding iter�
ations varies from five to fifteen. In the figure, the
dashed line corresponds to the lower bound of the
symbol error probability of OD (Popt) for the first code
with d = 13. It is seen that the efficiencies of the
qMTD and OD are closely coincident even when the
noise level in the channel is very high. For comparison,
the characteristics of the (255, 128) RS code with the
same alphabet size q = 256 (curve 3) are also presented
in the figure. Note that, for the symbols of the same
size, the efficiency of the qMTD is much higher than
the efficiency of the RS code owing to the larger code
lengths and good convergence of qMTD decisions to
the OD decision. To attain these results with the use of
the qMTD, decoding parameters and codes must be
selected carefully. In the selection of codes, the main
criterion is their resistance to the error�propagation
effect, which manifests itself in the fact that the first
error gives rise to a significant increase in the probabil�
ity of subsequent errors. As a result, packet errors can
appear at the decoder output. A detailed description of
principles used to select codes resistant to the error�
propagation effect can be found in [4].

The qMTD is superior to other error correction
methods in that this decoder makes it possible to oper�
ate with symbols of an arbitrary large size and to ensure
the same high correcting ability. This is confirmed by
the qMTD characteristics presented in the figure,
which were obtained for the code with n = 32000, d =

17, and two�byte (curve 4) and four�byte (curve 5)
symbols.

Further significant improvement of the decoding
efficiency of qMTD algorithm can be implemented by
using convolutional codes, the serial and parallel con�
catenation encoding methods, codes with allocated
branches, and other methods that are partially
described in [3–5].

4. COMPLEXITY OF THE IMPLEMENTATION 
OF THE qMTD

Analysis of the nonbinary qMTD has confirmed
the linearity decoding complexity. It is evident that the
number of operations required to decode one symbol
is determined only by the code distance, remaining
independent of the code length and the size of used
symbols. In the software implementation of the
qMTD, its threshold elements is controlled by the sub�
routine that occupies less than ten short lines in the
C++ language and ensures simultaneous processing of
the bytes of a received or stored massage whose num�
ber depends on the architecture of the processor unit
applied. The demoprogram for a symbolic qMTD is
available on web site [3]. When operated on usual per�
sonal computer, the demoprogram demonstrates
almost optimum decoding of very long codes at the
data rate of more than 10 Mb/s. In addition, the
demoprogram simulates all the operations performed
in the data transmission channel: information stream
formation, encoding, noise distortions, and operation
of the decoding algorithm under consideration. Thus,
the real processing power of the software�based qMTD
can be regarded to be more than 1.5–2 times as great.

It should be emphasized that the complexity of the
widespread decoders of RS codes is proportional to

10–8
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qMTD characteristics for codes with R = 1/2 in the qSC.
The behavior of curves 1–5 is described in Section 3.
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the square of the code length. In addition, the effi�
ciency of these codes is substantially less than the effi�
ciency of the qMTD. The complexity of various meth�
ods used to improve the correcting ability of RS code,
including all the variants of the Sudan algorithm, is on
the order of n3. For codes with a length of 30000 sym�
bols, the difference in the complexity order is n2 =
300002 ≈109, i.e., about billion times as great. In this
case, an increase in noise immunity is insignificant.
Thus, it is shown that are all new and complicated
methods used to decode RS codes are inefficient in
comparison with the proposed qMTD.

CONCLUSIONS

Although Reed–Solomon codes were deservedly
regarded as the best nonbinary codes for almost fifty
years, the abilities of symbolic qMTD algorithms in
error probability correction and the number of decod�
ing operations exceeds those of RS codes by many
orders of magnitude. This is caused by the efficient
application of nonbinary multithreshold decoding
ideas to very simply organized nonbinary codes of an
arbitrary large length. As a result, the earlier unattain�
able level of noise immunity provided by different�
type qMTD algorithms makes it possible to ensure the
high reliability of data transmission and storage and to
solve complicated problems without any supplemen�
tary modification of these algorithms, performing only
insignificant adaptations to the requirements arising in
large�scale digital systems.
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